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Introduction

.. Motivation

For instance: String Theory

unification of all fundamental interactions

dimensional reduction to 4 spacetime dimensions:

low energy effective theories

additional fields
dilaton
axion
Maxwell fields
Yang-Mills fields
...

higher order curvature corrections
Gauss-Bonnet term
...

...
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Introduction

.. Motivation

For Instance: Einstein-Gauss-Bonnet-Dilaton Theory

One of the simplest consistent modifications of GR
Compatible with all solar system tests

Observational consequences in the strong gravity regime
Black holes

Neutron stars

Wormholes
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Introduction

.. Einstein-Gauss-Bonnet-dilaton gravity

Action

S =
1

16π

∫
d4x

√
−g

[
R− 1

2
(∂µϕ)

2 + α′e−γϕR2
GB

]

Gauss-Bonnet term: quadratic in the curvature

R2
GB = RµνρσR

µνρσ − 4RµνR
µν +R2

α′ Gauss-Bonnet coupling constant
γ dilaton coupling constant (γ = 1)

In 4 spacetime dimensions the coupling to the dilaton is needed.
The resulting set of equations of motion are of second order.
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Introduction

.. Einstein-Gauss-Bonnet-dilaton gravity

‘modified’ Einstein equations

Gµν =
1

2
T eff
µν

T eff
µν = T (ϕ)

µν − 2α′e−γϕT (GBd)
µν

where

T (ϕ)
µν = ∇µϕ∇νϕ− 1

2
gµν∇λϕ∇λϕ

T (GBd)
µν = Hµν + 4

(
γ2∇ρϕ∇σϕ− γ∇ρ∇σϕ

)
Pµρνσ

dilaton equation

∇2ϕ = α′γe−γϕR2
GB

Gµν =
1

2

[
∇µϕ∇νϕ− 1

2
gµν∇λϕ∇λϕ

]

−α′e−γϕ
[
Hµν + 4

(
γ2∇ρϕ∇σϕ− γ∇ρ∇σϕ

)
Pµρνσ

]
abbreviations

Hµν = 2
[
RRµν − 2RµρR

ρ
ν − 2RµρνσR

ρσ +RµρσλR
ρσλ
ν

]
− 1

2
gµνR

2
GB

Pµνρσ = Rµνρσ + 2gµ[σRρ]ν + 2gν[ρRσ]µ +Rgµ[ρgσ]ν

non-positive “energy density” =⇒ repulsion
dilaton “hair”
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.. Einstein-Gauss-Bonnet-dilaton gravity

consequences

scalar “hair”: dilaton “hair”
negative energy density

bounds on α′

observational
Shapiro time delay √

α′ . 1013cm

BH low-mass X-ray binaries
√
α′ . 5× 106cm

theoretical√
α′ smaller than horizon size

α′

M2
. 0.691
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Black Holes

.. Black Holes in GR

Schwarzschild 1916
black hole with mass M

static spherically symmetric
event horizon

rH = 2M

Karl Schwarzschild 1873 — 1916

Kerr 1963
black hole with mass M

and angular momentum J

stationary rotating
event horizon

rH = M +
√

M2 − a2

Roy Kerr *1934
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Black Holes

.. Black Holes in GR

Israel, Penrose, Wheeler, ....

No-hair theorem:
A stationary vacuum black hole is uniquely characterized

by its mass M and angular momentum J .

Geroch, J. Math. Phys. (1970); Hansen, J. Math. Phys. (1974)

Multipole moments Ml and Sl

All multiple moments can be expressed in terms of only two quantities:

M0 = M S1 = J

Ml + iSl = M

(
i
J

M

)l

Quadrupole moment

M2 = Q = −J2

M
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Black Holes

.. Black Holes in GR

Kerr black holes

astrophysical black holes
angular momentum bound

J

M2
≤ 1

< 1 non-extremal black hole
= 1 extremal black hole
> 1 naked singularity

(cosmic censorship)
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Black Holes Static BH

.. Static EGBD Black Holes

P. Kanti et al. PRD54, 5049 (1996).

static spherically symmetric metric

ds2 = A(r)dt2 +B(r)−1dr2 + r2
(
dθ2 + sin2 θdφ2

)
expansion at the event horizon rh

ϕ(r) = ϕh + ϕ′
h(r − rh) + ϕ′′

h(r − rh)
2 + ...

A(r) = ... B(r) = ...

insertion into the eoms: relevant relation

ϕ′
h =

rh
α′ e

−ϕh

(
−1±

√
1− 6

α′2

r4h
e2ϕh

)

square root: ϕ′
h real

Jutta Kunz (Universität Oldenburg) Black Holes in Einstein-Gauss-Bonnet-Dilaton Theory Black Holes: Ljubljana 2016 7 / 22



.....
.
....

.
....

.
.....

.
....

.
....

.
....

.
.....

.
....

.
....

.
....

.
.....

.
....

.
....

.
....

.
.....

.
....

.
.....

.
....

.
....

.

Black Holes Static BH

.. Static EGBD Black Holes

P. Kanti et al. PRD54, 5049 (1996).

critical black holes:

horizon expansion√
1− 6

α′2

r4h
e2ϕh

lower bound
on the horizon size

for fixed α′

lower bound on the horizon size
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Black Holes Static BH

.. Static EGBD Black Holes

T. Torii et al. PRD58, 084004 (1998).

critical black holes:

horizon expansion√
1− 6

α′2

r4h
e2ϕh

lower bound
on the horizon size

for fixed α′

lower bound on the mass
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Black Holes Static BH

.. Static EGBD Black Holes

P. Kanti et al. PRD54, 5049 (1996), P. Kanti et al. PRD57, 6255 (1998)

asymptotically flat solutions

asymptotic expansion

A(r) = 1− 2M

r
+ ...

ϕ(r) = −D

r
+ ...

global charges: mass M , dilaton charge D

linear mode stability radial perturbations ...
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.. Static EGBD Black Holes

P. Kanti et al. PRD54, 5049 (1996).

components of the energy momentum tensor

region with negative energy density
strange further solutions
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.. Slowly Rotating EGBD Black Holes
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Black Holes Rotating BH

.. Slowly Rotating EGBD Black Holes

P. Pani et al. PRD79, 084031 (2009).

lowest order perturbation theory

solutions
angular velocity: larger
ergoregion: larger

orbits

L =
1

2
e−2βϕgµν ẋ

µẋν

β = const. (= 1/2 for heterotic string theory)
orbital frequency: smaller
ISCO: larger

higher order perturbation theory
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Black Holes Rotating BH

.. Rapidly Rotating EGBD Black Holes

B. Kleihaus et al. PRL 106, 151104 (2011), PRD 93, 044047 (2016)

metric (Lewis-Papapetrou Ansatz in isotropic coordinates)

ds2 = −f0dt
2 + f1

(
dr2 + r2dθ2

)
+ f2r

2 sin2 θ (dφ− ωdt)
2

global charges

mass M , angular momentum J , dilaton charge D

f0 → 1− 2M

r
, ω → 2J

r3
, ϕ → −D

r
.
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Black Holes Rotating BH

.. Rapidly Rotating EGBD Black Holes

horizon properties

horizon rH: f0(rH) = 0

horizon angular velocity: Ω = ω(rH)

surface gravity κsg: κ2
sg = −1/4(∇µχν)(∇µχν)

Hawking temperature: TH = κsg/2π

horizon area: AH =
∫
Σh

d2x
√
h

entropy: S = 1
4

∫
Σh

d2x
√
h(1 + 2α′e−γϕR̃)

Smarr formula
M = 2THS + 2ΩJ − D

2γ

relative error of Smarr formula in the calculations < 10−5
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Black Holes Rotating BH

.. Results: Global and Horizon Properties

horizon area versus angular momentum

 0.5

 0.6

 0.7

 0.8

 0.9

 1

 0  0.2  0.4  0.6  0.8  1

a H
 =

 A
H

/1
6π

M
2

J/M2

Kerr

smaller area

• GR
• static EGBd
• critical EGBd
• extremal EGBd
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horizon area versus angular momentum

 0.5

 0.6

 0.7

 0.8
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 0  0.2  0.4  0.6  0.8  1

a H
 =

 A
H

/1
6π

M
2

J/M2

Kerr

0.5

0.55

0.99 1.0 1.01

Kerr

angular momenta beyond the Kerr limit
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.. Results: Global and Horizon Properties

Hawking temperature versus angular momentum

 0

 0.05

 0.1

 0.15

 0.2

 0.25

 0.3

 0  0.2  0.4  0.6  0.8  1

T
H

 M

J/M2

Kerr

0.0

0.08

0.99 1.0 1.01

TH → 0 extremal limit: regular spacetime, dilaton diverges
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.. Results: Global and Horizon Properties

angular momentum versus GB coupling constant

 0

 0.25

 0.5

 0.75

 1

 0  0.05  0.1  0.15  0.2

J/
M

2

      α/M2

static

extremal

critical

GR
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Black Holes Rotating BH

.. Results: Global and Horizon Properties

scalar field at the black hole horizon
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.. Quasinormal Modes

P. Pani et al. PRD 79, 084031 (2009), J. Blázquez-Salcedo et al. 1609.01286

response of black holes to small perturbations
fluctuations of the metric of dilaton
ringdown signal from distorted black hole in coalescence
small external perturbing object
small black holes etc falling into massive black holes

simplest case: static spherically symmetic black hole

perturbations of the metric and the scalar field

gab = g
(0)
ab + ε hab

ϕ = ϕ0(r) + ε δϕ

expansion of the perturbations, energy momentum tensor
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scalar
δϕ =
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l,m

∫
dωϕ1 Y

lme−iωt

polar (even parity): (−1)l

hab =
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l,m

∫
dω


AH0 H1 0 0
H1 H2/B 0 0
0 0 r2K 0
0 0 0 r2 sin2 θK

Y lme−iωt

axial (odd parity): (−1)l+1

hab =
∑
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∫
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QNMs:
sourceless wave equation

d

dr
Ψp,a + Vp,aΨp,a = 0

boundary conditions
r ∼ rh : e−iωr∗

r → ∞ : eiωr∗

linear mode stability: all ω possess negative imaginary part

e−iωt

comparison with Schwarzschild: fundamental l = 2 mode

MωS ≈ 0.3737− i 0.08896 gravitational

MωS ≈ 0.4836− i 0.09676 scalar
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third generation detectors: Voyager and Einstein telescope

estimate: √
α′ . 11

(
50

ρ

)1/4(
M

10M⊙

)
km

improved signal-to-noise ratio ρ ≈ 100 for an event like GW150914

√
α′ . 8

(
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10M⊙

)
km ζ . 0.4
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H. G. Ellis, J. Math. Phys. 14, 104-118 (1973)

embedding diagram

H. G. Ellis
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.. GR Wormholes

Desired properties of traversible wormholes

stability
non-linear stability analysis
Shinkai, Hayward, PRD 2002

additional negative energy causes expansion
reduced negative energy causes collapse

linear stability analysis
Gonzales et al., CQG (2009)

unstable radial mode
instability seems generic

reasonable stress-energy tensor

small tidal forces
(allowing human beings to travel)

short travel time
(allowing human beings to travel)
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P. Kanti et al. PRL107 (2011), PRD85 (2012)
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geodesics from Lagrangian

L =
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e−2βϕgµν ẋ

µẋν

β = const. (= 1/2 for heterotic string theory)
effective potential: V 2
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acceleration of a traveler at the throat?

g⊕: acceleration of gravity at the
surface of the earth

acceleration on the order of g⊕:
throat radius on the order of
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EGBd black holes have larger quadrupole moment,
larger ISCO radius and smaller/larger orbital frequency
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